We theoretically evaluate the squeezed joint operators produced in a single optical parametric oscillator which generates quadripartite entangled outputs, as demonstrated experimentally by Pysher et al.
I. INTRODUCTION
Cluster states are highly entangled multipartite states that have attracted much interest since they were proposed by Raussendorf and Briegel [2] as a resource state with potential applications for one-way quantum computing. However, as with conventional approaches, issues of scalability arise [3, 4] . Recent experimental advances have been made by Pysher et al. [1] in the generation of a continuous-variable (CV) quadripartite cluster state from a single optical parametric oscillator (OPO), based on a proposal by Menicucci et al. [5] . In this approach quantum registers are encoded in the quadratures of the optical frequency comb produced by the spectrum of the OPO. The experimental scheme was shown to be scalable and capable of simultaneously generating 15 quadripartite entangled cluster states. In previous work with others [6, 7] , we verified the presence of quadripartite entanglement in such a system by demonstrating violations of the van Loock-Furusawa (VLF) criteria [8] . We also calculated the squeezed joint quadrature operators in the temporal domain to determine whether the state produced could be classified as a cluster state.
In this Brief Report, we investigate the squeezed joint quadrature operators in the frequency domain as this is the form more amenable to comparison with experiment. A spectral analysis of the system is required as the temporal domain solutions give the squeezing integrated over all frequencies and are not useful when we wish to know for which frequencies the system will be most useful. By verifying that the squeezed joint quadrature operators approach very low noise levels at particular frequencies, we determine that the scheme approaches an ideal cluster state. This Brief Report is structured as follows. Section II provides details of the theoretical model and method. Section III sets out the results and discussion. A summary of our findings is given in Sec. IV.
II. SYSTEM AND METHOD
The system considered here is a pumped optical cavity containing a χ (2) non-linear crystal, as investigated theoretically in Ref. [7] . We extend our analysis to incorporate the results of a full spectral analysis in the frequency domain. The optical cavity is pumped by two field modes which give rise to four low-frequency output modes at frequencies ω 3 , ω 4 , ω 5 , ω 6 . Mode 1 is pumped at a particular frequency and polarization such that it produces modes 3 and 6, as well as modes 4 and 5. Mode 2 is pumped such that it gives rise to modes 5 and 6.
The master equation for this system is [9] 
where theĤ int is the interaction Hamiltonian given bŷ
with the χ i representing the effective nonlinearities and a i andâ † i denoting the bosonic annihilation and creation operators for the intra-cavity modes at frequencies ω i . We note here that we are using the full interaction Hamiltonian rather than making a classical undepleted pump approximation leading to linear Heisenberg equations as used by Pysher et al. [1] (see also the Supplemental Material), which has the advantage that our formalism may also be used above the oscillation threshhold [6, 7] . In a rotating frame, the pumping Hamiltonian,Ĥ pump is given byĤ
where i are the classical laser amplitudes, the γ i represent the cavity losses at each frequency and
is the Lindblad superoperator [9] describing zero-temperature Markovian damping. In order to investigate the squeezed joint quadrature operators, and in turn determine whether the entangled arXiv:1108.2979v1 [quant-ph] 15 Aug 2011 output beams emerging from the cavity approximate a four mode cluster state, we begin by defining the quadrature field operators for each mode and arbitrary phase angle, θ, aŝ
The squeezed joint quadrature operators are then the eigenvectors of the system found by solving the Heisenberg equations of motion from the interaction Hamiltonian in the undepleted pump approximation. These are,
where
and r is the squeezing parameter. The common eigenstate of these operators tends towards a quadripartite entangled cluster state when r → ∞. The graph for the corresponding cluster state is depicted in Fig. 1 . 
A. The positive-P representation equations
We use the positive-P representation [10] equations for the system described in Sec. II. These are derived using the standard approach [12] whereby the master equation is mapped onto a Fokker-Planck equation for the positive-P function using a correspondence between two independent stochastic fields α i and α + i and the mode operatorsâ i andâ † i , respectively. The resulting equations can then be written as a set of c-number stochastic differential equations. This method allows us to calculate classical stochastic averages which are equivalent to quantum mechanical normally-ordered operator moments.
The positive-P equations for the high frequency fields are
and for the low frequency fields we find
Since the phase-space is doubled there are also the equations found by swapping α i with α + i and η i (t) with η i+2 (t). The η i (t) are real, independent, Gaussian noise terms with correlations η i (t) = 0 and η i (t)η j (t ) = δ ij δ(t − t ).
B. Linearized Fluctuation Analysis
We now use Eqs. (6) and (7) as the starting point for a linearized fluctuation analysis [9] . Linearizing these around the classical steady-state solutions, we find the evolution equations for the fluctuations. Specifically, we neglect the noise terms in Eq. (7) and set α i =ᾱ i + δα i , whereᾱ i are the steady-state values and δα i represent the fluctuations. To first order the equations of motion for the fluctuations, δα = [δα 1 , δα + 1 , δα 2 , δα + 2 , . . . , δα 6 , δα
T , can be written as [7] dδα = −Āδαdt +BdW ,
whereB is the noise matrix of Eq. (7) with the classical steady-state values inserted, dW is a vector of Wiener increments [12] andĀ is the drift matrix with the classical steady-state values inserted. Provided that the eigenvalues of the drift matrixĀ have no negative real part, the system is well described as a multi-variable Ornstein-Uhlenbeck process [11] , for which the intracavity spectral correlation matrix is found as a matrix product which is then related to the measurable output fluctuation spectra by the standard inputoutput relations [13] .
III. RESULTS AND DISCUSSION
We now calculate the spectral variances of the squeezed joint operators and confirm that these approach zero over a range of phases and frequencies. We consider the symmetric system where the two pumping inputs, 1,2 , are equal, the two nonlinearities, χ 1,2 are equal, and the cavity losses, γ 1,..,6 = γ, are equal. As shown in Ref. [7] , the system has an oscillation threshold and for the parameters used here the critical pump amplitude is c = 61.8. The parameters used in the following calculations are γ = 1, χ = 0.01 and = 0.94 c , giving a pump rate approximately 12% below threshold in intensity. For these parameters, this was found to yield the best squeezing.
In Fig. 2 we plot the minimum variance of the squeezed joint operators, V (O j ), as a function of the phase at a fixed frequency. We find the frequency at which the minimum variance is obtained and plot all four variances at this corresponding frequency. Specifically, Fig. 2 represents the maximum squeezing achieved by the operators V (O 1,3 ) but not V (O 2,4 ) . The frequency that yields the maximum squeezing corresponds to ω = 0.35γ, corresponding to 30 MHz with a cavity loss rate 80 MHz. We We also investigate the behavior of the squeezed joint operators over a range of frequencies. Figures 4 and 5 show plots of the minimum variances as a function of both frequency and phase. The range of parameters over which the entangled state can be considered as approximately a four mode cluster state can be seen in the smooth region surrounding θ = 0 and where V (O j ) → 0. In both Fig. 4 and Fig. 5 the functions are cropped at V (O j ) = 8 to improve visualization. Finally, we consider the regime of optimal squeezing for the joint operators. Figure 6 shows the minimum of the sum of the variances of both squeezed joint operator pairs as a function of phase on a logarithmic scale. Although this compromises the overall degree of squeezing obtained, this regime may be of use in experiments as the corresponding frequency of ω = 0.23γ yields the best possible degree of squeezing for the combined quadratures. 
IV. CONCLUSIONS
In conclusion, we have demonstrated that the requirements of a CV four mode cluster state are closely satisfied in the single OPO scheme proposed in Ref. [5] and experimentally realized in Ref. [1] . This is verified by confirming that the squeezed joint quadrature operators for the system approach zero for a range of phases and frequencies. These findings are in good agreement with the experimental results of Pysher et al. and extend current theoretical results [1] into the spectral domain. This work builds on our previous findings in Ref. [7] wherein CV quadripartite entanglement was demonstrated in the system and the squeezed joint quadrature operators were calculated in the temporal domain. Using our approach, it is a simple matter to extend the analysis to parameter regimes above the oscillation threshhold, which may have advantages when photon flux is important.
